Estimating the location of an acoustic source in a structure is an important step towards passive structural health monitoring. Techniques for localizing an acoustic source in isotropic structures are well developed in the literature. Development of similar techniques for anisotropic structures, however, has gained attention only in the recent years and has a scope of further improvement. Most of the existing techniques for anisotropic structures either assume a straight line wave propagation path between the source and an ultrasonic sensor or require the material properties to be known. This study considers different shapes of the wave front generated during an acoustic event and develops a methodology to localize the acoustic source in an anisotropic plate from those wave front shapes. An elliptical wave front shape-based technique was developed first, followed by the development of a parametric curve-based technique for non-elliptical wave front shapes. The source coordinates are obtained by minimizing an objective function. The proposed methodology does not assume a straight line wave propagation path and can predict the source location without any knowledge of the elastic properties of the material. A numerical study presented here illustrates how the proposed methodology can accurately estimate the source coordinates.
Introduction
Structural health monitoring (SHM) has now become an integral part of infrastructure engineering in order to detect and mitigate the damage occurring in a structure at any point of its lifetime. Various events such as impact of a foreign object, formation of cracks, failure of a structural element, etc. can act as an acoustic source in a structure that generates acoustic signals which propagate through the system. An important step towards the passive health monitoring of structures is the prediction of the acoustic source location by capturing and analyzing the wave-signals generated by the source and recorded by a group of ultrasonic sensors installed at specific locations of the structure. Several studies in the past have proposed methods for acoustic source localization in isotropic structures [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . A large portion of modern infrastructure elements, however, exhibit anisotropy, and development of techniques for acoustic source localization in such anisotropic structures has received attention only in the recent past. Nakatani et al. [14, 15] considered the beamforming technique which is commonly applicable to isotropic plates and extended the concept to be applicable to anisotropic plates. They modified the expression of beamforming array by incorporating direction dependent wave speed and proposed a source localization technique using delayand-sum algorithm. This method requires the knowledge of the direction-dependent velocity profile in an anisotropic plate. Kundu et al. [16, 17] proposed an optimization-based technique that uses minimization of an objective function containing time difference of arrival of waves between sensors and direction-dependent velocity information. For anisotropic materials with unknown material properties (and therefore unknown direction-dependent velocity profiles), Kundu [18] and Kundu et al. [19] proposed a technique where the source location can be estimated by mounting sensors in several right-angled clusters on some pre-selected locations. Time difference of arrival of waves between the sensors in a cluster needs to be evaluated as accurately as possible. It was done by cross-correlating signals recorded by the sensors. This method does not require any solution of nonlinear equations. Yin et al. [20] extended this concept to propose a localization technique using ''Z"-shaped sensor clusters, thus requiring fewer sensors for similar accuracy. Ciampa et al. [21, 22] Kundu et al. [23] proposed a hybrid technique that estimates an initial source location by the method proposed in [19] and then with thus obtained source location as the initial guess, an objective function was minimized to arrive at a more accurate estimate of the source coordinates. Simone et al. [24] proposed a linearized algorithm to predict the source location in a composite plate using only four sensors. Sabzevari and Moavenian [25] also proposed a four sensor-based method for anisotropic plates using attenuation analysis. Use of two arrays of sensors in mutually perpendicular directions has been proposed by Xiao et al. [26] to localize the acoustic source for a plate-type structure with unknown material properties by the beamforming technique.
Most of these studies for anisotropic structures, however, assume that the wave propagates in a straight line from the source to a sensor. This may not be a realistic assumption for an anisotropic material [27] . Baxter et al. [28] proposed a source localization technique in a complex structure with unknown properties where due to complexity in the structure the wave may not propagate along a straight line from the source to the sensor. This technique requires the structure to be initially trained by a set of artificial training data and then the source location is predicted from the comparison between the recorded time of arrival difference between a pair of sensors and the time of arrival difference between that pair of sensors from the training data. Hensman et al. [29] improved this technique by introducing probabilistic interpretation and thus requiring less training data. Grabowski et al. [30] presented a source localization technique in thin plates using time-distance domain transformation. Their method requires the material properties to be known. Gollob et al. [31] proposed a source localization approach in a heterogeneous medium based on a modified Dijkstra algorithm. Although their method does not assume a straight line wave propagation path between the source and the sensor, one needs to know the direction-dependent velocity profile. Park et al. [32] introduced a technique for localizing the acoustic source based on the shape of the wave front in an anisotropic plate without knowing its material properties. Their approach does not assume that the wave travels along a straight line. They assumed two different geometrical shapes, namely, rhombus and ellipse, as the wave front shapes, and proposed a source localization technique by performing geometrical analyses on those shapes and incorporating the sensor cluster data.
In the present study, the elliptical wave front-based formulation proposed in [32] is modified to accommodate different other shapes of wave fronts. A more general shape of the wave front in an anisotropic plate is developed by considering a parametric curve as the wave front. Various wave front shapes can be modeled by changing the parameters of the curve. The technique solves for a set of unknown variables including the coordinates of the acoustic source by minimizing an objective function. It is demonstrated through a numerical example that both ellipse-based and the parametric curve-based approaches can predict the source location with sufficient accuracy. When the wave front does not look like an ellipse or rhombus then the technique proposed in reference [32] cannot be applied. In those situations the only way one can predict the acoustic source accurately is by using parametric curve based non-elliptic wave fronts proposed in this paper. Even when the numerically generated wave front looks approximately like an ellipse the assumption of an elliptical wave front does not predict the acoustic source as accurately as the proposed new parametric curve based technique does.
In the following sections, the sensor cluster configuration to be used in this study is described first. Then the elliptical wave front shape-based method proposed in [32] for localizing the acoustic source in an anisotropic plate is modified by properly relating the wave front geometry with the recorded signal data. Following this, a parametric curve is proposed as the assumed shape of the wave front and a source localization technique is proposed for this wave front shape. The solution algorithm to solve for the unknown parameters for both these approaches is discussed. Finally, A numerical study considering the same anisotropic plate as in [32] shows the effectiveness of the proposed methodology.
Tangent estimation for incident wave-angle at sensor clusters
In order to estimate the tangent of the angle at which the wave generated by an acoustic event arrives at a certain location in an anisotropic plate, Kundu [18] and Kundu et al. [19] proposed a sensor cluster-based technique that makes use of a cluster consisting of three receiving sensors mounted on the plate in a right-angled Lshape configuration at the specific location of interest. Park et al. [32] considered two different orientations of such a sensor cluster as shown in Fig. 1(a) and (b), denoted in the present study as Typea and Type-b sensor clusters, respectively. It may be noted that the key difference between these two orientations lies in the relative position of the three sensors A, O and B within a sensor cluster. As can be seen from Fig. 1 , Type-a sensor cluster is designed to receive the incident wave-angle in the form of an acute angle, while Type-b sensor cluster is designed to receive the incident wave-angle in the form of an obtuse angle. It is shown later in this section that this basic difference between the two types of sensor clusters leads to tangents of the incident wave-angles given by the opposite signs of the same measured quantity. Both these types of sensor clusters are mounted on a plate such that the lines AO and OB are parallel to the x and y-axes of the assumed coordinate system, respectively. The distance (d) between sensors A and O is same as that between sensors O and B, and should be small enough to ensure insignificant variation of the signal characteristics among the three sensors in a cluster. Further, d should be much smaller than the distance between the acoustic source and the sensor cluster [32] . Thus, one may reasonably assume that the wave front encountered by a sensor cluster is planar in nature and therefore, a single wave speed (v) can be considered for the entire cluster even though the plate material is anisotropic. It may be noted here that because of the small value of d, the coordinates of any one of the three sensors can be regarded as the coordinates of the cluster. In this study, the coordinates of sensor O are considered as the sensor cluster coordinates.
The angle h is the incident angle of the planar wave front striking the sensor cluster. The wave front first arrives at sensor O, then it strikes either sensor A or B. If t O , t A and t B denote the times of arrival (TOAs) of the signal from the acoustic source to the sensors O, A and B, respectively, for Type-a configuration (see Fig. 1(a) ), tan h can be expressed as
Similarly, for Type-b configuration (see Fig. 1 
In Eqs. (1) and (2) v is the velocity of the wave. In order to obtain a sufficiently accurate estimation of tan h, TOAs (i.e., t O , t A and t B ) need to be measured as accurately as possible. This can be achieved by using Akaike Information Criterion (AIC) [12, 27] given by
where k is the sample number corresponding to time t in the signal recorded by a sensor, K is the total number of samples recorded, U is the recorded signal amplitude and varfUðr : sÞg denotes the variance of all signal amplitude values between (and including) rth and sth samples. If AIC is plotted against k, two distinct valleys are observed. The first valley represents the arrival of the first wave group, while the second valley represents the arrival of the second wave group [27] . The values of t corresponding to the first and second valleys are the required TOAs at the sensor for the first and second wave groups, respectively. In this study, only the second wave groups that correspond to the first antisymmetric mode [27] are considered to develop the proposed approach for localizing the acoustic source in an anisotropic plate. Hence, only the TOAs corresponding to the second wave groups will be used.
Proposed techniques for acoustic source localization
The waves generated in anisotropic plates due to an acoustic event do not usually propagate along straight lines from the source to a sensor mounted on the plate [27, 32] . This leads to the generation of non-circular wave fronts. Park et al. [32] attempted to localize the source by analyzing the wave front shapes. Based on a numerical study on an anisotropic plate subject to an acoustic event, it was concluded that the first wave group leads to a wave front shape that can be idealized as a rhombus, whereas the second wave group results in a wave front shape that can be idealized as an ellipse. Even though the rhombus wave front was found to perform well in predicting the source location, the localization technique for an elliptical wave front, however, was shown to have a scope of further improvement. In this section, the elliptical wave front-based method presented in [32] is modified by properly accounting for the relationship between the tangent of the incident wave-angle (measured using Eqs. (1) and (2)) and the derivative of the shape of the wave front. A more general three parameter-based curve is also proposed to have the capability of modeling other wave front shapes. A source localization technique is proposed for both elliptical and non-elliptical wave front shapes.
Modified formulation for elliptical wave front
The equation of an elliptical wave front as shown in Fig. 2 is given by
where (x; y) are the coordinates of a point on the ellipse, (C x ; C y ) are the coordinates of the acoustic source, and a and b are the lengths of the semi-major and semi-minor axes, respectively. Taking derivative of Eq. (4) with respect to x leads to
It may be noted that an acoustic event generates wave fronts that may be considered as concentric in nature [32] . Therefore, the ratio b 2 =a 2 can be replaced by a single (positive) unknown k. Thus, Eq. (5) may be re-written as
where m ¼ dy dx
. Since the wave fronts pass through the sensor clusters, for the ith sensor cluster, Eq. (6) gives with (x i ; y i ) denoting the coordinates of the ith sensor cluster and m i is m measured at that sensor cluster. It may be noted that m i physically represents the slope of the tangent line to the wave front at (x i ; y i ), i.e.,
where w i is the angle w (see Fig. 1 ) for the ith sensor cluster. It follows from Fig. 1 
where tan h i can be obtained using Eq. (1) or (2) for the ith sensor cluster. Thus, Eq. (7) consists of three unknowns: k, C x and C y . Considering n number of sensor clusters, Eq. (7) leads to n simultaneous nonlinear equations. These equations can be solved using Levenberg-Marquardt algorithm which minimizes the following objective function
A minimum value of 3 is needed for n. The Levenberg-Marquardt algorithm to solve for the three unknowns by minimizing U is
To start the Levenberg-Marquardt algorithm, an initial guess of b ¼ b 0 needs to be made. Then the following steps can be performed to solve for b iteratively:
Step 1: Compute the Jacobian J as 
Step 2: Evaluate fðbÞ.
Step 3: Find the increment of b as
Step 4: Calculate a new b by adding D b to the current b.
Step 5: Calculate the Euclidean norm of D b. If the result is more than a pre-defined tolerance level, then go back to step 1. Otherwise, exit the algorithm and report the latest b as the final solution.
Thus, k, C x and C y can be obtained systematically and the predicted location of the acoustic source is given by (C x , C y ).
Wave front represented by a parametric curve
The numerical study conducted by Park et al. [32] indicates that the shape of the wave fronts generated by the second wave group in general deviates from an exact elliptical shape. Hence, it is proposed here to consider a curve that is more general in shape than an ellipse. To model the wave front more accurately and thus increase the accuracy of the source prediction the new parametric curve is considered. By including some additional parameters, Eq. (4) can be modified to obtain the following expression for the parametric curve:
where c, p and q are three unknown positive numbers and c is an arbitrary constant. Taking derivative of Eq. (13) with respect to x leads to m ¼ ðÀ1Þ
where quad denotes the quadrant number of the point (x; y) with respect to the straight lines x ¼ C x and y ¼ C y . Thus,
It may be noted from Eq. (13) that for the wave front shapes numerically generated by Park et al. [32] , the parametric curve is symmetric with respect to the straight lines x ¼ C x and y ¼ C y . Further, from Eqs. (14) and (15), it follows that the derivatives of the curve at four points on these two lines (two points along x ¼ C x and two along y ¼ C y ) are same as those for an ellipse at the corresponding points. Eq. (13) indicates that the parametric curve becomes an ellipse when both p and q are 1.0. Hence, ellipse is a special case of the family of curves represented by Eq. (13) . By assuming (C x ; C y ) as (0.0, 0.0) along with different combinations of c as 1.0 and 1.5, p and q as 0.6, 1.1 and 1.6, and c as 10, 15 and 20, a wide range of curves can be generated from Eq. (13) as shown in Fig. 3 . Each of the 18 plots of Fig. 3 considers a constant set of p, q and c, and shows three concentric curves corresponding to three different values of c but for the same values of the other parameters p, q and c. In order to demonstrate the generality of Eq. (13) as the representation of a wave front due to an acoustic event, the numerically generated wave front in the anisotropic plate in [32] is considered, and by trial and error the parameters of Eq. (13) are adjusted so that it matches closely with the wave fronts. This comparison is shown in Fig. 4 . This figure shows the best-fitted ellipse and the best-fitted parametric curve. The parameters chosen for the parametric curve in Eq. (13) identical, a close observation of the two curves reveals some differences. Compared to the ellipse the parametric curve is extended more along the major and minor axes. Fig. 4 shows that the wave front is also expanded more along these two axes. It is shown in this paper that even this small difference can produce noticeable improvement in the source localization.
As in the case of an elliptical wave front (see Section 3.1), n sensor clusters can be considered to solve for the unknowns. For the ith sensor cluster, Eq. (14) may be re-written as
where quad i denotes the quad value (1, 2, 3 or 4, as defined in Eq. (15)) for the ith sensor cluster. Eq. (16) consists of five unknowns:
p, q, c, C x and C y . Thus, n simultaneous nonlinear equations are obtained from Eq. (16) . The following objective function S can be minimized to solve for the unknowns.
It has been observed that if both exponents p and q are considered to be unknown variables, the minimization problem often fails to converge. To avoid this, p is considered to be an unknown parameter while q is set at a constant value. Different constant values for q can be considered to arrive at the best fit in order to obtain an accurate acoustic source prediction. Nelder-Mead simplex algorithm [33] can be used to minimize S. In this study, the version of the algorithm given in [34] is followed and is described next.
Five initial vertices for x (i.e., five different initial guesses for x) are considered and S is calculated using Eq. (17) for all vertices. Then the following steps are performed to iteratively solve for the unknowns.
Step 1: Order the five vertices so that Sðx 1 Þ 6 Sðx 2 Þ 6 Sðx 3 Þ 6 Sðx 4 Þ 6 Sðx 5 Þ.
Step 2: Compute the reflection point x r by
is the centroid of the four best points (i.e., all vertices except for x 5 ), and q is the coefficient of reflection chosen as 1. Compute Sðx r Þ. If Sðx 1 Þ 6 Sðx r Þ < Sðx 4 Þ, replace x 5 with x r and go to step 1. Otherwise, go to step 3.
Step 3: If Sðx r Þ < Sðx 1 Þ, compute the expansion point x e as following, otherwise go to step 4.
where v is the coefficient of expansion chosen as 2. Evaluate Sðx e Þ. If Sðx e Þ < Sðx r Þ, replace x 5 by x e and go to step 1. Otherwise, (i.e., if Sðx e Þ P Sðx r Þ), replace x 5 with x r and go to step 1.
Step 4: If Sðx r Þ P Sðx 4 Þ, go to step 4a.
Step 4a: If Sðx 4 Þ 6 Sðx r Þ < Sðx 5 Þ, perform an outside contraction by calculating x c as shown in Eq. (20) . Otherwise, if Sðx r Þ P Sðx 5 Þ, go to step 4b.
where g is the coefficient of contraction chosen as 1 2 .
Step 4b: Perform an inside contraction by calculating x cc as
Evaluate Sðx cc Þ. If Sðx cc Þ < Sðx 5 Þ, replace x 5 with x cc and go to step 1. Otherwise, go to step 5.
Step 5: Perform a shrink by replacing all points except x 1 with . The above-mentioned steps can be performed until the standard deviation of the computed values of S at the current vertices becomes less than a pre-defined tolerance level. At this stage, the algorithm is terminated and the latest x 1 is reported as the final solution of the unknown vector x. The predicted location of the acoustic source is then given by (C x , C y ).
Numerical study
To illustrate the effectiveness of the proposed approach for acoustic source localization, the same numerical example shown in [32] is considered in this section. The material properties of the anisotropic plate along with its geometry and the details on numerical modeling, actual location of the acoustic source and the coordinates of the sensor clusters can be found in [32] . The schematic diagram of the plate and the location of the source and the six sensor clusters are reproduced from [32] and are shown in Fig. 5 . The bottom left corner of the plate is considered as the origin (0.0, 0.0) of the coordinate system. It may be observed that the sensor clusters 1, 2 and 3 are of Type-a, whereas 4, 5 and 6 are of Type-b (see Section 2). The TOAs of the second group of waves are estimated at all sensor clusters using AIC as discussed in Section 2, and then from Eqs. (1) and (2) tan h is estimated at these cluster Table 1 Predicted source localization results with n ¼ 3 using the techniques proposed in Section 3.
Combination No.
Sensor cluster combinations
Modified ellipse-based approach Parametric curve-based approach 2). For the parametric curve representation of the wave front, it has been observed after checking with several constant positive values for the parameter q that a consideration of q = 1.0 leads to a sufficiently close matching of the wave front with the parametric curve resulting an accurate estimation of the acoustic source location without causing any problem in the convergence of the solution algorithm. Hence, in this study, it is proposed to consider q as 1.0 for the parametric curve formulation and the same has been used in the numerical example.
If only three sensor clusters (i.e., n ¼ 3) are used to predict the acoustic source, a total of 20 combinations of three sensor clusters are possible from the six sensor clusters shown in Fig. 5 . The acoustic source location is predicted for all these combinations using both wave front models -elliptic and non-elliptic. Table 1 shows the coordinates of the predicted source location along with the error in the predictions with respect to the true source location (i.e., at (250 mm, 250 mm)). The values of k for all sensor cluster combinations are also shown. It may be observed from Table 1 that for some sensor cluster combinations the ellipse-based approach leads to a large (even unrealistic in some cases) error in the source prediction. It is observed that for the cluster combination numbers 8, 13 and 14 (see Table 1 ), k is negative, whereas it expected to be positive always (see Section 3.1). For the cluster combination number 3 (in Table 1 ), k is 14.22, which is much greater than its value for the rest of the sensor cluster combinations. This wide scattering of k value can be reduced by considering more sensor clusters (i.e., for n > 3) and is discussed in the next paragraph.
When the parametric curve-based approach is followed for localizing the acoustic source, Table 1 shows that the predictions improve significantly over the ellipse-based approach for most cases. The errors are less than those obtained from the ellipsebased approach for most sensor cluster combinations. Besides, the parametric curve-based approach performs satisfactorily even for the combination numbers 3, 8, 13 and 14 which led to large or unrealistic prediction errors for the ellipse-based prediction. The mean and standard deviation of the errors (excluding combination Nos. 3, 8, 13 and 14) are also shown in Table 1 . Disregarding combinations 3, 8, 13 and 14, the predicted results are shown Table 2 Predicted source localization results with n ¼ 4 using the techniques proposed in Section 3.
Modified ellipse-based approach Parametric curve-based approach 6 . Coordinates of the actual acoustic source (denoted by 'actual') and those predicted by the modified ellipse-based approach (denoted by 'ellipse') and parametric curve-based approach (denoted by 'parametric') for n ¼ 3. Fig. 7 . Coordinates of the actual acoustic source (denoted by 'actual'), average (excluding combination numbers 3, 8, 13 and 14 in Table 1 ) of the predicted coordinates by the modified ellipse-based approach (denoted by 'ellipse') and average (excluding combination numbers 3, 8, 13 and 14 in Table 1 ) of the predicted coordinates by the parametric curve-based approach (denoted by 'parametric') with n ¼ 3.
graphically in Fig. 6 . The average of the predicted source coordinates from the two models (again excluding combinations 3, 8, 13 and 14) are shown in Fig. 7 . It can be observed that the average location of the source predicted by the parametric curve-based approach is closer to the actual source location. Similarly, four sensor clusters can be considered (i.e., n ¼ 4) for predicting the acoustic source leading to 15 possible sensor cluster combinations. The prediction results for the two wave front models are shown in Table 2 . This table indicates that the ellipse-model performs much better for n ¼ 4 compared to n ¼ 3. Further, for most sensor cluster combinations, the parametric curve-based approach gives better predictions than the ellipse-based approach. Combination number 4 seems to be the only case with a large localization error. However, even in this case, the error for the parametric curve model is comparatively less than the elliptical wave front model. Table 2 also lists the mean and standard deviation of the errors (excluding combination No. 4). Fig. 8 shows the Table 3 Predicted source localization results with n ¼ 5 using the techniques proposed in Section 3.
Sensor cluster combinations Modified ellipse-based approach Parametric curve-based approach Fig. 10 . Coordinates of the actual acoustic source (denoted by 'actual') and those predicted by the modified ellipse-based approach (denoted by 'ellipse') and parametric curve-based approach (denoted by 'parametric') with n ¼ 5. Fig. 11 . Coordinates of the actual acoustic source (denoted by 'actual'), average of the predicted coordinates by the modified ellipse-based approach (denoted by 'ellipse') and average of the predicted coordinates by the parametric curve-based approach (denoted by 'parametric') with n ¼ 5. Fig. 8 . Coordinates of the actual acoustic source (denoted by 'actual') and those predicted by the modified ellipse-based approach (denoted by 'ellipse') and parametric curve-based approach (denoted by 'parametric') with n ¼ 4. Fig. 9 . Coordinates of the actual acoustic source (denoted by 'actual'), average (excluding combination number 4 in Table 2 ) of the predicted coordinates by the modified ellipse-based approach (denoted by 'ellipse') and average (excluding combination number 4 in Table 2 ) of the predicted coordinates by the parametric curve-based approach (denoted by 'parametric') with n ¼ 4.
source prediction results graphically for n ¼ 4. The average source coordinates are calculated after disregarding the combination number 4, and Fig. 9 shows the source localization results with these average coordinates. This figure shows that for n ¼ 4 also, the parametric curve-based approach performs better than the ellipse-based approach. When five sensor clusters are considered for the acoustic source prediction (i.e., n ¼ 5), 6 different sensor cluster combinations are possible. For all these combinations the acoustic source is localized using the two models. The predicted source coordinates and the corresponding errors along with the mean and standard deviation of the errors are listed in Table 3 , and the same results are shown graphically in Fig. 10 . These results indicate that both models give accurate estimates of the source coordinates for n ¼ 5. Again, the parametric curve-based method gives better predictions for most sensor cluster combinations. The average source coordinates are evaluated and are shown in Fig. 11 .
Finally, when all six sensor clusters are considered simultaneously (i.e., n ¼ 6), only one combination of sensor clusters is possible that includes all sensor clusters 1-6. In this case, the ellipsebased technique predicts the source coordinates as (265.80 mm, 262.24 mm), giving an error of 19.98 mm, whereas the coordinates predicted by the parametric curve-based approach is (260.39 mm, 251.70 mm), giving an error of 10.53 mm. For the ellipse-based technique k is obtained as 1.53, and for the parametric curvebased approach p and c are obtained as 1.43 and 0.15, respectively.
Therefore, both models give satisfactory results, although the parametric curve-based method localizes the source more accurately than the ellipse-based method. These results are shown graphically in Fig. 12 . It may be noted from Tables 1-3 and this paragraph that the values obtained for the curve parameters from the minimization process may not match well with those used to generate Fig. 4 . This may be because Fig. 4 demonstrates the generality of the proposed curve as a wave front shape and hence trial and error is used to obtain the figure, whereas a systematic optimization algorithm is employed to solve for those parameters during the source localization. Besides, the parameter q is assumed constant in the optimization process. Another observation is that although the parametric curve-based approach gives more accurate results than the modified ellipse-based approach in most cases, for a few cases the prediction errors using the parametric curve-based approach are quite large (e.g., combination no. 4 in Table 2 ) or are more than the corresponding errors using the modified ellipse-based approach (e.g., combination nos. 1, 3, 7, 9, 11 in Table 2 and combination No. 1 in Table 3 ). This is because for some sensor cluster combinations the shape of the wave fronts passing through the sensor cluster positions may appear closer to an ellipse than to the parametric curve. However, this should be overlooked in favor of the observation that in most cases the parametric curvebased approach outperforms the ellipse-based approach.
To graphically show how the mean and standard deviation of the errors vary with the number of sensor clusters, the mean and standard deviation of the errors listed in Tables 1-3 are considered and plotted against the number of sensor clusters in Figs. 13 and 14, respectively. It may be observed that as the number of sensor clusters increases, the mean error in source localization decreases for both proposed approaches. Also, the parametric curve-based approach gives lower mean error than the ellipse-based model. The standard deviation of errors with the parametric curve-based approach is less than that for the ellipse-based model when three and five sensor clusters are considered, and is marginally more than the ellipse-based model for four sensor clusters.
It is desirable to know how sensitive the source localization results are to the initial guesses for b for the modified ellipse- Fig. 14 . Standard deviation of the errors for predicted source coordinates using modified ellipse-based approach (denoted as 'ellipse') and parametric curve-based approach (denoted as 'parametric') for n ¼ 3 (see Table 1 ), n ¼ 4 (see Table 2 ) and n ¼ 5 (see Table 3 ). Fig. 12 . Coordinates of the actual acoustic source (denoted by 'actual') and those predicted by the modified ellipse-based approach (denoted by 'ellipse') and parametric curve-based approach (denoted by 'parametric') with n ¼ 6. Fig. 13 . Mean error for the predicted source coordinates using modified ellipsebased approach (denoted as 'ellipse') and parametric curve-based approach (denoted as 'parametric') for n ¼ 3 (see Table 1 ), n ¼ 4 (see Table 2 ) and n ¼ 5 (see Table 3 ). T with the last two elements (i.e., the source coordinates) for both b and x having units in 'mm'. In order to investigate how different initial guesses may affect the source localization results, five more initial guesses for b (different from the one mentioned above) and five more initial guesses for the five vertices of x (different from the ones mentioned above) are considered and the source localization process applying both proposed techniques is repeated for these new initial guesses. Table 4 lists the new initial guesses. The obtained source localization results are shown in Tables 5-8 for n equal to 3, 4, 5 and 6, respectively. For the sake of brevity, only the errors in the prediction of the source coordinates are listed in these tables. The column 'Combination No.' in Tables 5-7 refers to the same  sensor cluster combinations shown in Tables 1-3 . The mean and standard deviation (disregarding the same sensor cluster combinations as mentioned in the preceding paragraphs of this section) of the errors are also shown in Tables 5-7 . Tables 5-8 indicate that for n ¼ 3 and modified ellipse-based approach all five new initial guesses lead to the same source localization results, and these results are identical to those obtained earlier in this section (see Tables 1-3 ). Therefore, the source localization results are not much sensitive to the initial guesses when the modified ellipse-based approach is followed. However, to ensure convergence of the Levenberg-Marquardt algorithm, it is recommended to keep the initial guess for k between 0.5 and 3.0, and the initial source coordinates between 200 mm and 270 mm. Also, considering accuracy of the predictions, a minimum value of 4 is recommended for n when the modified ellipse-based approach is used. When the source coordinates are predicted with five new guesses using the parametric curve-based approach, Table 5 indicates that with n ¼ 3 the results are different for different initial guesses, and they do not match with those shown in Table 1 . This discrepancy is attributed to the fact that in this case only three simultaneous equations are available to solve for four unknowns and thus the solutions are not expected to be unique. When four sensor clusters are used, Table 6 indicates that the parametric curve-based approach with the new initial guesses gives same source localization results for all sensor cluster combinations and they match with the results listed in Table 2 , except for combination No. 4 and 15 with IG1. For n ¼ 5 and n ¼ 6, from Tables 7 and 8 it is observed that same results are obtained with all new initial guesses. These results are identical to those shown in Table 3 . Hence, for parametric curve-based approach the source localization results are not sensitive to the initial guesses if a minimum of four sensor clusters are used. For this reason and also to achieve sufficient accuracy in the predictions, a minimum value of 4 is recommended for n when the parametric curve-based approach is Table 5 Errors (in mm) in predicted source localization results for n ¼ 3 using the techniques proposed in Section 3 with the initial guesses listed in Table 4 
Conclusions
In this study, an attempt has been made to predict the acoustic source location in an anisotropic plate without knowing its material properties by assuming a geometric curve as the shape of the wave front generated from an acoustic event. The proposed technique does not assume that waves propagate along a straight line from the source to a sensor. The methodology uses the sensor cluster configuration proposed by Kundu [18] and Kundu et al. [19] for estimating the tangent to the incident wave path which is the direction perpendicular to the wave front at a cluster location. The time of arrival of the acoustic wave at a sensor has been computed using Akaike Information Criterion. Two wave front shapes have been considered: an elliptical shape and a non-elliptical shape represented by a parametric curve. For developing the elliptical shape-based technique, the technique proposed by Park et al. [32] has been improved for a better adherence to the relationship between the tangent of the wave-path estimated by the installed sensor clusters and the derivative of the geometrical shape. The unknown variables including the coordinates of the acoustic source have been obtained by minimizing an objective function. The solution algorithm that is adopted for performing this minimization is briefly discussed. For the parametric curve-based approach, an assumed geometrical shape with three unknown parameters has been assumed to be the wave front shape. Such a parametric curve is more general in nature than an elliptical shape and hence has the capability of representing a wave front more accurately than an ellipse. By considering different sets of parameter values, it has been demonstrated that a wide variety of wave front shapes can be modeled using such parametric curves. A relationship between the derivative of a parametric curve and the observed tangent of the incident angle at a sensor cluster has been derived. The unknown variables including the source coordinates have been obtained by minimizing an objective function. While performing this minimization, one of the three unknown parame- Table 7 Errors (in mm) in predicted source localization results for n ¼ 5 using the techniques proposed in Section 3 with the initial guesses listed in Table 4 Table 8 Errors (in mm) in predicted source localization results for n ¼ 6 using the techniques proposed in Section 3 with the initial guesses listed in Table 4 .
Modified ellipse-based approach Parametric curve-based approach   IG1  IG2  IG3  IG4  IG5  IG1  IG2  IG3  IG4  IG5 19 Table 6 Errors (in mm) in predicted source localization results for n ¼ 4 using the techniques proposed in Section 3 with the initial guesses listed in Table 4 .
Combination No. Modified ellipse-based approach Parametric curve-based approach   IG1  IG2  IG3  IG4  IG5  IG1  IG2  IG3  IG4  IG5 ters in the expression of the parametric curve has been held constant at a chosen (positive) value in order to ensure convergence of the minimization process. The simplex algorithm adopted for this minimization has been discussed briefly. The effectiveness of both proposed techniques to predict the source location has been illustrated with the help of a numerical example as considered by Park et al. [32] . Four different numbers of sensor clusters, namely 3, 4, 5 and 6 have been considered simultaneously from a set of six clusters, leading to 20, 15, 6 and 1 combinations of sensor clusters, respectively. For all these combinations, the acoustic source has been estimated using both wave front models -elliptic and non-elliptic. It has been observed that while both models can predict the source with reasonable accuracy in most cases, the overall performance of the parametric curvebased non-elliptic wave front performed better than the ellipsebased approach in terms of the accuracy of the source localization. It may be noted here that to develop the proposed approach the axes of anisotropy in a plate have been assumed to be known a priori. In this investigation these axes have been assumed to be parallel to the coordinate axes x and y. For an anisotropic plate with unknown orientation of anisotropy one needs to evaluate another unknown parameter -the inclination angle of the curve with respect to the coordinate axes. Due to the increase of the number of unknown parameters the convergence of the acoustic source location to the right values is expected to be more challenging. It is currently under investigation.
Since in this study one of the parameters in the parametric curve-based approach has been chosen to be constant at a suitable value, there is further scope of research for evaluating this parameter in a more judicious manner. Also, a more general expression of the parametric curve may be developed to model the wave front shape more closely and thus to increase the accuracy of the source prediction technique further. One may also consider improving the efficiency of the presented methodology to reduce the total number of sensors required. Since this study has illustrated the effectiveness of the proposed approach through a numerical example, there is scope of further research focusing on the experimental validation of this technique. Also, the capability of the presented approach to localize the acoustic source in structures with more complex anisotropies than what has been considered in this paper is worth investigating.
